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We investigate cosmological inflationary scenarios from a gravitoelectromagnetic theory. Our work
is formulated in the light of a recently introduced geometrical Weyl-Invariant scalar-tensor theory of
gravity, where the nature of both the electromagnetic potential and the inflaton field is attributed to
the space-time geometry. We obtain a Harrison-Zeldovich power spectrum for quantum fluctuations
of the inflaton field. In our model the electromagnetic fields have also a nearly scale invariant power
spectrum for a power-law inflation. We found that the the seed magnetic fields have a nearly scale
invariant power spectrum and generate in the present times cosmic magnetic fields of the order
. 109 gauss, in good agreement with CMB observations.
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I. INTRODUCTION
Inflation is a period of accelerated expansion in the evolution of the early universe that has emerged as an attempt
to solve the problems of the Big Bang cosmology. Observational data of Cosmic Microwave Background (CMB)
anisotropies give evidence of this epoch. The quantum fluctuations of the inflaton field originate the seeds of large
scale structure of the universe [1–4]. In the large scale structure formation an explanation for the cosmic magnetic
fields is one of the challenging problems. One of the most accepted ideas consists in that a seed of a cosmic magnetic
field sufers an exponentiation due to a galactic dynamo mechanism [5, 6]. It is assumed that this mechanism could
happend during inflation [5]. However, to have a magnetic seed during inflation it is necessary a gravity model with
an electromagnetic contribution. Models of gravitoelectromagnetism are theoretical settings capable to address this
problem in a natural manner. In the literature we can find a variety of them with different formulations (the reader
might see for example [7–11]).
Recently, a new geometrical approach of the class of scalar-tensor theories of gravity has been introduced [12, 13].
The main idea is that if a Palatini variational principle is adopted the natural background geometry of this class
of theories is determined by the Weyl-integrable compatibility condition [12]. The requirement that the action
and the compatibility condition must have the same symmetry group led to the need to introduce a new action
that would satisfy such a requirement of invariance. However, the Weyl invariance is achieved when a gauge
geometrical vector field is introduced in the covariant derivative in a similar manner as it is usually done in quantum
gauge theories[14]. In the so called Einstein-Riemann frame it is obtained a theory of gravitoelectromagnetism
where both the scalar field and the electromagnetic potential have a geometrical origin [14]. Several topics
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2have been address in the framework of this geometrical scalar-tensor gravity among them we can count cosmologi-
cal models [15, 16], scalar fluctuations of the metric during inflation [17], the singularity issue [18] and some others [19].
In this letter we develop a cosmological inflationary formalism in which seeds of electromagnetic fields can be
generated. The paper is organized as follows. In section I we give a little introduction. In section II we obtain the
field equations corresponding to the model of gravitoelectromagnetism. In section III we formulate the dynamical
equations that govern both the inflaton and electromagnetic fluctuations during inflation. In section IV, as an
application of the previous formalism we study a power-law inlfationary model. Finally, section V is for some final
comments.
II. THE GEOMETRICAL WEYL-INVARIANT GRAVITY THEORY
We start by considering a scalar-tensor theory of gravity in vacuum described by the action
S =
1
16pi
∫
d4x
√−g
{
ΦR+ ω˜(Φ)
Φ
gµνΦ,µΦ,ν − V˜ (Φ)
}
, (1)
where R denotes the Ricci scalar, ω˜(Φ) is a function of the scalar field Φ and V˜ (Φ) is a scalar potential. Introducing
ϕ = − ln(GΦ) the equation (1) reads [17]
S =
∫
d4x
√−g
{
e−ϕ
[ R
16piG
+
1
2
ω(ϕ)gµνϕ,µϕ,ν
]
− V (ϕ)
}
, (2)
where we have made the identifications (1/2)ω(ϕ) = (16piG)−1ω˜[ϕ(Φ)] and V (ϕ) = (16pi)−1V˜ (ϕ(Φ)). Adopting a
Palatini variational procedure we obtain the non-metricity condition [12]
∇µgαβ = ϕ,µgαβ . (3)
As the Palatini variational principle is used to determine the background geometry for a given action [15, 21, 22], the
equation (3) can be interpreted as the Weyl-Integrable geometry is the background geometry for the action (2). It is
a well-known property that (3) is invariant under the Weyl group of transformations [12]
g¯αβ = e
fgαβ (4)
ϕ¯ = ϕ+ f, (5)
where f = f(xα) is a well-behaved function of the spacetime coordinates. The invariance of (3) is achieve when the
both transformations (4) and (5) are applied at the same time. In fact a pure conformal transformation does not
preserve (4). As an action is by definition a scalar, in this case under the Weyl group, it is natural to require the
invariance of the action (2) under the Weyl transformations (4)-(5). However, it is not difficult to see that the kinetic
term does not satisfy such requirement. Thus, an invariant action results to be [14]
S =
∫
d4x
√−g e−ϕ
[ R
16piG
+
1
2
ω(ϕ)gαβϕ:αϕ:β − V (ϕ)e−ϕ − 1
4
HαβH
αβe−ϕ
]
, (6)
where ϕ:µ = (
(w)∇µ + γBµ)ϕ, is a gauge covariant derivative, Hαβ = Wβ,α − Wα,β with Wα = ϕBα, and the
transformation rules
ϕ¯B¯µ = ϕBµ − γ−1f,µ, (7)
ω¯(ϕ¯) = ω(ϕ¯− f) = ω(ϕ), (8)
V¯ (ϕ) = V (ϕ¯− f) = V (ϕ), (9)
must be valid. From now on (w)∇µ will denote the covariant derivative calculated with the Weyl connection. The
set of transformations (4), (5) and (7) can be interpreted as they lead from the Weyl frame (M, g, ϕ,Bµ) to a new
Weyl frame (M, g¯, ϕ¯, B¯µ) with the same causal structure and preserving geodesics [15]. By choosing f = −ϕ in (3)
the Riemannian compatibility condition ∇αhµν = 0 is recovered for the effective metric hµν = g¯µν = e−ϕgµν . The
frame (M,h, 0, Aµ = B¯µ) is known as the Riemann frame.
3III. GRAVITOELECTROMAGNETISM FROM GEOMETRICAL WEYL-INVARIANT GRAVITY
We shall now derive a gravitoelectromagnetic theory from the previous geometrical formalism. In the Riemann
frame the Weyl-invariant action (6) reads
S =
∫
d4x
√−h
[
R
16piG
+
1
2
ω(φ)hαβDαφDβφ− V (φ)− 1
4
FαβF
αβ
]
, (10)
where Dµ = ∇µ + γAµ, the operator ∇λ is denoting the Riemannian covariant derivative, φ is the residual scalar
field ϕ as view in the Riemann frame and Fµν = Aν,µ − Aµ,ν . For the action (10) can be formally identical to an
Einstein-Hilbert action for a scalar field minimally coupled to gravity with non-canonical kinetic term and a gauge
electromagnetic field Aµ, the next gauge transformation must be valid
^
Aµ = Aµ − γ−1σ,µ, (11)
where σ = σ(xα). It is important recall that unlike other theories of gravitoelectromagnetism, in our formalism Aµ
has been introduced as a consequence of imposing a geometrical symmetry (the Weyl-Invariance of (6)), and not only
by requiring a gauge symmetry. To ensure the invariance of the action (10) under (11), the next internal symmetries
must also hold
^
φ = φeσ, (12)
^
ω(
^
φ) ≡ e−2σω(e−σ
^
φ) = ω(φ) (13)
^
V (
^
φ) ≡ V (e−σ
^
φ) = V (φ). (14)
The action (10) can be extended by adding a source term for Aµ and a usual Feymann gauge term in the form
S =
∫
d4x
√−h
[
R
16piG
+
1
2
ω(φ)hαβDαφDβφ− V (φ)− 1
4
FαβF
αβ − λ
2
(∇αAα)2 − JαAα
]
, (15)
where Jµ is a conserved current density. The field equations obtained from the action (15) are
Gµν = −8piG
[
ω(φ)DµφDνφ− 1
2
hµν
(
ω(φ)hαβDαφDβφ− 2V (φ)
)− τ (em)µν ] (16)
ω(φ)φ+ 1
2
ω′(φ)hµνDµφDνφ− γω′(φ)AµφDµφ+ γω(φ)∇µAµ − γ2ω(φ)AµAµφ+ V ′(φ) = 0, (17)
∇µFµν + λ∇ν(∇µAµ) = Jν − γω(φ)hµνφDµφ, (18)
with  = hµν∇µ∇ν being the usual D’Alambertian operator, τ (em)µν = T (em)µν − hµνJαAα, with T (em)µν = FνβFµ β −
1
4hµνFαβF
αβ being the energy-momentum tensor for a free electromagnetic field. The field equations (16), (17) and
(18) formally describe a theory of gravitoelectromagnetism on an effective Riemannian geometrical background. In
the next section we shall consider cosmological applications of these field equations. In particular we will focus in how
to derive inflationary models in which φ can play the role of the inflaton field.
IV. INFLATOELECTROMAGNETIC FLUCTUATIONS
In order to develop an inflationary model from this formalism let us consider a spatially flat Friedmann-Robertson-
Walker metric in the form
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2), (19)
with a(t) being the usual cosmological scale factor. The cosmological principle allow us to assume that the inflaton
scalar field and the electromagnetic potential can be written in the form
φ(xλ) = φc(t) + δφ(x
λ), Aµ(xσ) = δAµ(xσ), (20)
where φc(t) =< φ(x
λ) >, < δφ >=< δφ˙ >= 0 and < Aµ(xσ) >=< δAµ(xσ) >= 0. Here δφ denotes the quantum
fluctuations of the inflaton scalar field and δAα accounts for the quantum fluctuations of the electromagnetic field.
4Hence it follows from the equations (17), (18) and (19) that the classical and quantum parts for the inflaton field,
respectively, for Jµ = 0, can be written as
φ¨c + 3(1 + γ)Hφ˙c +
ω′(φc)
2ω(φc)
φ˙2c +
V ′(φc)
ω(φc)
= 0, (21)
δ¨φ+
(
3H +
ω′(φc)
ω(φc)
φ˙c
)
˙δφ− 1
a2
∇2δφ+ 1
ω(φc)
[
V ′′(φc) + ω′(φc)(φ¨c + 3Hφ˙c) +
1
2
ω′′(φc)φ˙2c
]
δφ = 0. (22)
It is not difficult to show that in a similar manner from the equation (18), taking Jµ = 0, the quantum electromagnetic
fluctuations δAµ are determined by
∇µδFµν + λ∇ν(∇µδAµ) = δJν − γω(φc)hµν
[
γφ2cδAµ + φc∂µδφ+ (∂µφc)δφ
]− γω′(φc)hµνφc∂µφcδφ. (23)
The classical part of (16) according to (19) leads to the Friedmann equation
H2 =
8piG
3
[
1
2
ω(φc)φ˙
2 + V (φc)
]
. (24)
Thus, the classical part of the inflaton field is given by the equations (21) and (24), whereas their quantum
fluctuations are governed by the expression (22). The equation (23) determines the dynamics of δAµ and establishes
a relation between the electromagnetic fluctuations δAµ and the ones of the inflaton δφ.
Now, following a standard quantization procedure, the commutation relation for δφ and its canonical conjugate
momentum Π0(δφ) =
∂L
∂ ˙δφ
is given by [
δφ(t, x¯),Π0(δφ)(t, x¯
′)
]
= iδ(3)(x¯− x¯′). (25)
Thus, it follows from (15) that Π0(δφ) = ω(φc)
√−h( ˙δφ+ γA0δφ) and then the commutator (25) reads[
δφ(t, x¯), ˙δφ(t, x¯′)
]
=
i
ω(φc)
√−h δ
(3)(x¯− x¯′). (26)
Employing the auxiliary field δχ defined by
δφ(t, x¯) = exp
[
−3
2
∫ (
H(t) +
1
3
ω˙(φc)
ω(φc)
)
dt
]
δχ(t, x¯), (27)
and considering the Fourier expansion
δχ(t, x¯) =
1
(2pi)3/2
∫
d3k
[
ake
ik¯·x¯ξk(t) + a
†
ke
−ik¯·x¯ξ∗k(t)
]
, (28)
with the asterisk mark denoting complex conjugate, ak and a
†
k being the annihilation and creation operators, the
quantum modes ξk(t) according to (22) are determined by the equation
ξ¨k +
[
k2
a2
− 3
2
H˙ +
1
2
ω′(φc)
ω(φc)
φ¨c +
1
2
(
ω′(φc)
ω(φc)
)2
φ˙2c −
9
4
(
H +
ω′(φc)
3ω(φc)
φ˙c
)2
+ 3H
ω′(φc)
ω(φc)
φ˙c +
V ′′(φc)
ω(φc)
]
ξk = 0 (29)
The annihilation and creation operators obey the algebra[
ak, a
†
k′
]
= iδ(3)(k¯ − k¯′), [ak, ak′ ] =
[
a†k, a
†
k′
]
= 0. (30)
According to (26), (27) and (28) the modes must satisfy the normalization condition
ξ˙∗kξk − ξ∗k ξ˙k =
i
ω(φc)
√−h exp
[
3
∫ (
H(t) +
1
3
ω˙(φc)
ω(φc)
)
dt
]
. (31)
The squared quantum fluctuations of δφ in the IR-sector (cosmological large scales) are given by
〈
δφ2
〉
IR
=
1
2pi2
exp
[
−3
∫ (
H(t) +
1
3
ω˙(φc)
ω(φc)
)
dt
] ∫ kH
0
dk
k
k3 [ξk(t)ξ
∗
k(t)]|IR , (32)
5where  = kIRmax/kp  1 is a dimensionless parameter with kIRmax = kH(tr) being the wave number related to the
Hubble radius at the time tr, which is the time when the modes re-enter to the horizon and kp is the Planckian wave
number. It is well-known that for a Hubble parameter H = 0.5 × 10−9Mp, the values of  range between 10−5 and
10−8, and this corresponds to a number of e-foldings at the end of inflation Ne = 63.
Now, it is not difficult to verify that in the decoupling gauge election
∇ν(∇µδAµ) = γω2(φc)φc∇νδφ+
(
γω2(φc)∂
νφc + γω
′(φc)φc∂νφc
)
δφ, (33)
the equation (23) becomes
δAν + γ2ω(φc)φ2cδAν = 0. (34)
This equation governs the electromagnetic fluctuations during inflation. In the FRW metric it reads
δ¨A
ν
+ 3H ˙δA
ν − 1
a2
∇2δAν + γ2ω(φc)φ2cδAν = 0. (35)
In terms of the auxiliary field δΓµ defined by
δAµ(x¯, t) = exp
(
−3
2
∫
Hdt
)
δΓµ(x¯, t), (36)
the equation (35) yields
δ¨Γ
µ − 1
a2
∇2δΓµ +
(
−3
2
H˙ − 9
4
H2 + γ2ω(φc)φ
2
c
)
δΓµ = 0. (37)
Now, following a covariant quantization procedure the commutation relations for δAµ and Π¯µ = ∂L∂(δAµ,t) are given by[
δAµ(x¯, t), Π¯ν(x¯
′, t)
]
= ihµνδ
(3)(x¯− x¯′), (38)
[δAµ(x¯, t), δAν(x¯
′, t)] =
[
Π¯µ(x¯, t), Π¯ν(x¯
′, t)
]
= 0. (39)
Thus, Π¯µ =
√−h [δFµ0 − hµ0(∇σδAσ)] according to (15), therefore the commutators (38) and (39) imply that[
˙δA
µ
(x¯, t), δAν(x¯′, t)
]
=
i√−hh
µνδ(3)(x¯− x¯′). (40)
The auxiliary field δΓα can be expressed as a Fourier expansion of the form
δΓµ(x¯, t) =
1
(2pi)3/2
∫
d3κ
3∑
α=0
µ(α)
[
b(α)κ e
iκ¯·x¯ζκ(t) + b(α) †κ e
−iκ¯·x¯ζ∗κ(t)
]
, (41)
where the creation and annihilation operators b
(α) †
k and b
(α)
k , respectively, obey the algebra[
b(α)κ , b
(α′) †
κ′
]
= −hαα′δ(3)(κ¯− κ¯′),
[
b(α)κ , b
(α′)
κ′
]
=
[
b(α) †κ , b
(α′) †
κ′
]
= 0, (42)
and the four polarisation 4−vectors µ(α) satisfy (α) · (α′) = hαα′ . With the help of (37) and (41) the dynamics of the
modes is determined by
ζ¨κ +
(
κ2
a2
− 3
2
H˙ − 9
4
H2 + γ2ω(φc)φ
2
c
)
ζκ = 0. (43)
The formula (36) inserted in the equation (40) generates[
˙δΓ
µ
(x¯, t), δΓν(x¯′, t)
]
=
i√−he
3
∫
Hdt hµνδ(3)(x¯− x¯′). (44)
Hence the quantum modes ζκ(t) must obey
ζ˙∗κζκ − ζ∗κζ˙κ =
i√−h e
3
∫
Hdt. (45)
6The squared fluctuations on cosmological scales for the electromagnetic field < 0|δAλδAλ|0 >=< δA2 > are given by
〈
δA2
〉
IR
=
e−3
∫
Hdt
2pi2
∫ ϑκH
0
dκ
κ
κ3(ζκζ
∗
κ)|IR, (46)
where ϑ =
κ(IR)max
κ  1 is a dimensionless parameter. In this formulae κ(IR)max = κH(tr) is the wavenumber related to the
Hubble radius at the time tr which is the time when the modes re-enter to the horizon. κp is denoting the Planckian
wavenumber. Now we are in position of considering as an example a particular inflationary model.
V. AN EXAMPLE: POWER-LAW INFLATION
In this section we shall consider as an illustration of the formalism previously developed a model of power-law
inflation. Let us start with the classical dynamics of the inflaton field. Thus, it follows from the equations (21) and
(24) that
φ˙c = − 1
4piG(1 + γ)
H ′(φc)
ω(φc)
. (47)
Hence, inserting (47) in (24) we obtain
V (φc) =
3H2
8piG
− 1
2(4piG)2(1 + γ)2
H ′ 2
ω(φc)
. (48)
Solving (47) for H(t) = p/t and ω(t) = ωe(t/te)
q with ωe = ω(te) being te the time when inflation ends, we arrive to
φc(t) = φe − 1
b
(t−q/2 − t−q/2e ), (49)
where φe = φ(te) and b
2 = 4q2
(
M2p
4pi(1+γ)
ptqe
ωe
)
. Thus, with the help of (48) and (49) the scalar potential for the classical
part of the inflaton field results to be
V (φc) = αep
2(t−q/2e − bφc)4/q, (50)
where αe =
3M2p
8pi −
M4p t
q
eb
2
8pi2(1+γ)2ωeq2
. The equation for the modes (29) becomes
ξ¨k(t) +
(
k2t2pe
a2et
2p
+
β
t2
)
ξk(t) = 0, (51)
where
β =
3p
2
− 3q
2
4
+
q
2
− qp
2
4
− q
2p
6
− q
3
36
+
16αep
2b2tqe
ωeq2
− 4αep
2b2tqe
ωeq
+ 3pq. (52)
The general solution of (51) can be written in the form
ξk(t) = A1
√
tH(1)ν [x(t)] +A2
√
tH(2)ν [x(t)], (53)
where ν =
√
1−4β
2(1−p) and x(t) =
tpe
ae(p−1) kt
1−p. In this equation H(1)ν and H(2)ν are the first and second kind Hankel
functions. Considering a Bunch-Davies Vaccum and with the help of (31) the normalized solution reads
ξk(t) =
√
pi
4(p− 1)
√
1
aeωe
√
tH(1)ν [x(t)]. (54)
Now using in the IR-sector the asymptotic formula H(1)ν [x(t)] ' ipiΓ(ν)[x(t)/2]−ν the equation (32) leads to
〈
δφ2
〉
=
(−1)2ν
23−2νpi3(p− 1)1−2ν
Γ2(ν)
ωea
1−2ν
e
t1−2νpe t
1−q+2(p−1)ν
(
a
ae
)−3 ∫ kH
0
dk
k
k3−2ν . (55)
7Thus, the squared φ-fluctuations have a power-spectrum Pφ(k) given by
Pφ(k) ∼ k3−
√
1−4β
p−1 , (56)
with β given by (52). The spectrum (56) results nearly scale invariant for β ' − 354 − 9p2 + 18p. The power-spectrum
for the fluctuations of the inflaton field corresponds to the spectral index
nφ = 4−
√
1− 4β
p− 1 . (57)
It follows from observational data that nφ = 0.97 ± 0.03 [20]. It corresponds to β = −0.875 − 9p2 + 18p and
β = −9.1136− 9.3636p2 + 18.7272p, respectively. The first case is achieved when the algebraic equation
0.00694ω2epi(1 + γ)q
4
p3M2p t
2q
e (q − 4)
(594p+ 27p2 − 18q + 9qp2 + 6q2p+ q3 − 108pq − 315− 324p2) = 3M
2
p
4pi
− M
4
p t
2q
e p
pi3(1 + γ)3ω2eq
4
, (58)
is satisfied. It is a 4th degree equation that allow us to fix ωe. In the second case we obtain that
0.000011pi(1 + γ)ω2eq
4
p3M2p t
2q
e (4− q)
(−2.05 · 105 − 2.1068 · 105p2 + 3.87 · 105p+ 16875q2 − 11250q + 5625qp2 + 3750q2p+ 625q3 − 67500pq)
=
3M2p
4pi
− M
4
p t
2q
e p
pi3(1 + γ3)ω2eq
4
, (59)
must hold for ωe. For the electromagnetic modes it follows from the equation (43) that
ζ¨κ +
[
κ2t2pe
a2et
2p
+
3p
(
1− 34p
)
t2
+
γ2ωe
b2tqe
− 2γ
2ωe
b2t
3q/2
e
tq/2 +
ωeγ
2
b2t2qe
tq
]
ζκ = 0. (60)
As the inflationary period is too short, the previous equation can be approximated during inflation by
ζ¨κ +
[
κ2t2pe
a2et
2p
+
3p
(
1− 34p
)
t2
− 2γ
2ωe
b2t
3q/2
e
tq/2
]
ζκ = 0. (61)
In general it is not an easy task to solve this equation analitically, however, when q = −4 this equation can be written
in a simplier form as
ζ¨κ +
[
κ2t2pe
a2et
2p
+
3p
(
1− 34p
)− σp
t2
]
ζκ = 0, (62)
where
σ =
8piγ2(1 + γ)ω2et
10
e
M2p
. (63)
Hence, according to (45) the normalized solution of (63) is
ζκ(t) =
i
2
√
pi
a3e(p− 1)
√
tH(1)µ [z(t)], (64)
where z(t) =
κtpe
ae
t1−p
p−1 , H(1)µ [z(t)] denotes the first kind Hankel function and µ =
√
1− 12p+ 9p2 + 4σp−1 /[2(p− 1)].
Now, employing the formula H(1)µ ' ipiΓ(µ)[z(t)/2]−µ the large scale squared fluctuations for the electromagnetic
field (46) are given by
〈
δA2
〉
IR
=
22µ−1
pi3a3−2µe
Γ2(µ)
(p− 1)1−2µ t
(3−2µ)p
e t
1−3p−2µ(1−p)
∫ ϑκH
0
dκ
κ
κ3−2µ. (65)
8Thus, the squared A-fluctutations have a power spectrum PA(κ) given by
PA(κ) ∼ κ3−
√
1−12p+9p2+4σp−1
p−1 . (66)
Clearly, the spectrum (66) is nearly scale invariant for σ = 2p − (3/2)p2. The spectral index nA as-
sociated for the A-fluctuations (65) is nA = 4 −
√
1−12p+9p2+4σp−1
p−1 . From the observational the spec-
tral index takes the values n = 0.97 ± 0.03. Thus, nA fits the observations for the spectral index when
ω2et
10
e = (M
2
p/8piγ
2(1 + γ))[(15/4− 2n+ n2/4)p− (5− 4n+ n2/2)p2 + (7/4− 2n+ n2/4)p3] is valid.
On the other hand, it is not difficult to verify that the modes (64) become real on the IR-sector. This happens
when
1
N (t)
κ'ϑκH∑
κ=0
∣∣∣∣Im(ζκ)Re(ζκ)
∣∣∣∣ 1, (67)
where N (t) is the time dependent number of degrees of freedom during inflation [7]. Thus for modes inside the
interval 103  ϑ < κH/κ the relation [δAα|IR, ˙δAα|IR] ' 0 holds. Therefore, δAµ|IR can be considered as a classical
emergent electromagnetic field and the equation B¯ = ∇× δA¯|IR has sense.
VI. SEEDS OF COSMIC MAGNETIC FIELDS
Once we have calculated the spectrum for electromagnetic fields during inflation we are in position to obtain the
corresponding spectrum for the seeds of cosmic magnetic fields. With this idea in mind it is not difficult to see that
according to (35) the spatial components of the electromagnetic potential obey
δ¨A
i
+ 3H ˙δA
i − 1
a2
∇2δAi + γ2ω(φc)φ2cδAi = 0. (68)
Employing the comoving base {E0 = e0, Ei = aea ei} with {et = ∂∂t , er = ∂∂r , eθ = 1r ∂∂θ , eφ = 1rsinθ ∂∂φ}, it follows from
(34) that the comoving magnetic field B¯com satisfy ∇ · B¯com = 0 [23]. Thus in terms of B¯com = ∇ × δA¯com for a
power-law inflation the equation (68) reads
B¨icom +HB˙
i
com −
1
a2
∇2Bicom + (γ2ω(φc)φ2c − 2H2 − H˙)Bicom = 0. (69)
Now, analogously to the previos analysis, we can use the Fourier expansion
Bicom(t, r¯) =
e−
1
2
∫
Hdt
(2pi)3/2
∫
d3κr
3∑
l=1
∈i(l) (κr)
[
d(l)κre
iκ¯r·r¯Θκr (t) + d
(l)
κr
†e−iκ¯r·r¯Θ∗κr (t)
]
, (70)
where d
(l)
κr
† and d(l)κr are the creation and annihilation operators and ∈i(l) (κr) are the 3−polarisation vectors that obey
∈(i) · ∈(j)= hij . Thus, the modes Θκr (t) are determined by the equation
Θ¨κr +
[
κ2rt
2p
e
a2et
2p
+
3
2p− 94p2 − σp
t2
]
Θκr = 0. (71)
With the help of (45) the normalized solution of (71) is given by
Θκr (t) =
i
2
√
pi
a3e(p− 1)
√
tH(1)µB [ZB(t)], (72)
where µB =
√
1− 6p+ 9p2 + 4σp−1/[2(p− 1)] and ZB(t) = κrt
p
e
ae
t1−p
p−1 . In this manner, the squared Bcom fluctuations
of the seed magnetic field read
〈
δB2com
〉
IR
=
Γ2(µB)
pi323−2µB
t
(1−2µB)p
e
a3−2µBe (p− 1)1−2µB
t(1−2µB)(1−p)
∫ ϑκH
0
dκr
κr
κ3−2µBr . (73)
9Therefore, the power spectrum PB(κr) on cosmological scales is
PB(κr) = Γ
2(µB)
pi323−2µB
t
(1−2µB)p
e
a3−2µBe (p− 1)1−2µB
t(1−2µB)(1−p)κ3−2µBr . (74)
It is not difficult to verify that the spectrum of
〈
δB2com
〉
IR
is nearly scale invariant when σ = 2p − 3p2. The
spectral index nB = 4−
√
1− 6p+ 9p2 + 4σp−1/(p− 1) is compatible with observational data n = 0.97± 0.03 when
ω2e =
M2p
8piγ2(1+γ)t10e
[(15/4 − 2n + n2/4)p − (13/2 − 4n + n2/2)p2 + (7/4 − 2n + n2/4)p3]. After integration in (73) we
obtain for a nearly scale invaraint spectrum on the IR-sector〈
δB2com
〉
IR
' Γ
2(µB)
pi323−2µB
t−2pe ϑ
3−2µB
(p− 1)1−2µB (3− 2µB) t
2(p−1), (75)
which can be written in terms of the Hubble parameter as〈
δB2com
〉
IR
' Γ
2(µB)
pi323−2µB
ϑ3−2µB
p2(p− 1)1−2µB (3− 2µB)
(ae
a
)−2p
H2. (76)
Now, as it is well-known the physical magnetic field and the comoving one are related via the formulaBphys ∼ a−2Bcom.
Moreover, as after inflation Bphys decreases as a
−2, an estimation of Bphys in the present time, here denoted by B
(N)
phys,
is given by [7] 〈
B
(N)
phys
2
〉1/2∣∣∣∣
IR
'
(
a0
ae
)4 〈
B2com
〉1/2∣∣∣
IR
' 10−136 〈B2com〉1/2∣∣∣
IR
, (77)
being a0 = a(tnow) and where we have taken into account that the size of the horizon at the end of inflation is given
approximately by ∼ 3.6·10−6 cm and that the size of the radius of the present observable universe is around ∼ 1028cm.
Finally, in the figure (1) we show a plot of < B
(N)
phys
2 >1/2 |IR versus µB and ϑ. It can be easily seen from this plot
that < B
(N)
phys
2 >1/2 |IR reach values of the order to . 10−9Gauss in general when p → 1. In particular we have
taken for this plot p = 1.000124.
VII. FINAL REMARKS
In this letter we have derived inflationary cosmological settings from a gravitoelectromagnetic theory. The gravi-
toelectromagnetic theory has been formulated in the framework of a recent Weyl-invariant geometrical scalar-tensor
theory of gravity in which the electromagnetic potential and the inflaton scalar field have both geometrical origin,
in the sense that they appear in the Weyl-invariant action (6) as part of the affine structure of the space-time.
Due to the cosmological principle we start with fluctuations of the electromagnetic potential δAµ only at quantum
scales. In this formalism we found that the electromagnetic fields at cosmological scales are generated by means of a
classicalization mechanism of δAµ at the end of inflation. The quantum fluctuations for the inflaton field have been
studied in the semiclassical approximation. We found that in the decoupling gauge election (33) the fluctuations of
the inflaton and the electromagnetic fields are related.
As an application of the formalism we study the case of a power-law inflationary model (H = p/t, p > 1), in which
we have also assumed a power-law for the ω(t) function (ω(t) ∼ tq). For the quantum fluctuations of the inflaton field
we obtain a nearly scale invariant power spectrum for β ' − 354 − 9p2 + 18p as is evident in (56). We have calculated
the power spectrum of seed magnetic fields at the end of inflation (74), achieving the nearly scale invariance for
σ = 2p − 3p2. We obtain that in the present epoch the strength of seed magnetic fields < B(N)phys 2 >1/2 |IR reach
values of the order . 10−9Gauss when p → 1, in good agreement with CMB observations [24]. In particular for
p = 1.000124 we show a plot exhibing this behavior. It is important to note that in our formalism the inflaton field
can be associated with the geometrical Weyl scalar field.
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FIG. 1: This plot shows
〈
B
(N)
phys
2
〉1/2
, given in Gauss units, versus µB and ϑ. We
have used 1.45 ≤ µB ≤ 1.49 which correspond to spectral index 1.1 ≤ nB ≤ 1.02.
The parameter ϑ varies from 10−8 to 10−5 and these values correspond in the present
time to the length scales: 103−106 Mpc. In this plot we have employed p = 1.000124.
